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Abstract 

Analysis of the generalized Weierstrass-Enneper system includes the estimation of 
the degree of indeterminancy of the general analytic solution and the discussion of 
the boundary value problem. Several different procedures for constructing certain 
classes of solutions to this system, including potential, harmonic and separable types of 
solutions, are proposed. A technique for reduction of the Weierstrass-Enneper system 
to decoupled linear equations, by subjecting it to certain differential constraints, is 
presented as well. New elementary and doubly periodic solutions arc found, among 
them kinks, bumps and multi-soliton solutions. 

1 Introduction 

The Weierstrass-Enneper system [1] has proved to be a very useful and suitable tool in 
the study of minimal surfaces in M^. Since Weierstrass and Enneper, this subject has been 
investigated extensively by many authors (eg. Kenmotsu [2], Hoffman and Osserman [3], 
Konopelchenko [4-9]). 

The original formulation by Weierstrass and Enneper [1] of a system inducing minimal 
surfaces can be presented briefly as follows. Let a and (5 be holomorphic functions that 
satisfy da = 0, and 0/5 = such that the equations 

dwi = i{a^ + ff'), dw2 = — (3^ , dw^ = —2a/?, 
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hold, where the derivatives are abbreviated d = d/dz, d = d/dz. Introduce a system 
of three real- valued functions Xi{z,z), i = 1,2,3 which can be considered a coordinate 
system for a surface embedded in M^, defined as follows 



Xi = Re wi = Re 
X2 = Re W2 = Re 



i I ia'^ + P^)dz' 
c 



Jc 



dz' 



(1.1) 



X3 = Re W3 



-Re 



2 / aPdz' 

c 



where C is any contour in the common domain of holomorphicity of the functions a and (3. 
The Xi define a minimal surface with z = C\ and z = C2 as minimal coordinate lines on 
this surface, respectively. 

More recently, the generalized Weierstrass-Enneper (WE) representation for constant 
mean curvature surfaces in has been introduced by B. Konopelchenko [7-9] and his 
formula is a starting point for our analysis. Namely, we consider the nonlinear system, a 
type of two-dimensional Dirac equation for the fields ^1 and ^2 , given by 



(1.2) 



where 



p=|V'l|2 + |V'2p, 



in the neighbourhood of some point {zo,zo) G C, and the bar on tpi denotes complex 
conjugation. In this paper, when we refer to the WE system, we mean the modified 
version (1.2) of the original Weierstrass Enneper system. 

One then defines the three real-valued functions Xi(z,z), i = 1,2,3, by means of the 
formulae 



(1.3) 



Xi + 1X2 = 2i {iPl dz' - ipj dz') , 
Xi - 1X2 = 2i f (V'i dz' - i)l dz') , 
= -2 /" (ViiV'2 dz' + ^iiP2 dz') , 



X, 



where 7 is any contour in C. On account of the system (1.2), the right hand side of (1.3) 
does not depend on the choice of 7. It was shown in [4, 5] that for each pair of solutions 
(V'i)V'2) of WE system (1.2), the formulae (1.3) determine a conformal immersion of a 
constant mean curvature surface in R^. The induced metric on the surface and its Gaussian 
curvature are given by [7, 14] 

K = -p-^dd{lnp) (1.4) 



ds"^ = 4p^ dz dz, 



in isothermic coordinates, respectively. Finally, a well known property of WE system (1.2), 
in the context of the sigma model [10-12], is the existence of a topological charge 



1 



p^) dzdz, 



(1.5) 
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where j is an entire function [14] defined by 

j{z) = Vii9V2 - ip2dtlji. 
In fact, j is a conserved quantity since 



(1.6) 



dj = d (■0i5V'2 — V'2^V'i) = 



(1.7) 



holds, whenever the WE system (1.2) is satisfied. The scalar function j{z) is referred to 
as the current for WE system (1.2) [7]. Note that if the integral in (1.5) exists, then I is 
an integer. 

In this paper we explore several different aspects of the generalized WE system (1.2). 
We investigate certain general characteristics of this system and propose several new ap- 
proaches to the construction of its solutions. The paper is organized as follows. Section 2 
contains a detailed account of the estimation of the degree of freedom of the general an- 
alytic solution to the WE system, based on Cartan's theory of systems in involution. In 
Section 3 we discuss the existence and uniqueness of solutions to a boundary value prob- 
lem for the WE system. Section 4 and Section 5 contain several examples of potential 
and harmonic solutions of the WE system which include an explicit form of an algebraic 
multi-soliton solution. Next, in Section 6 we introduce a set of differential constraints un- 
der which the WE system can be reduced to a system of linear coupled equations and we 
construct several examples of solutions using this approach. Section 7 presents a certain 
variant of the separation of variables technique applied to the WE system which allows us 
to construct solitonlike solutions (bumps and kinks). 

2 The estimation of the degree of indeterninancy of the ge- 
neral analytic solution to the Weierstrass-Enneper system 

Now, using Cartan's theorem on systems in involution [13], we estimate the degree of 
indeterminancy of the general analytic solution of WE system (1.2). For this purpose, we 
perform the analysis using the apparatus of differential forms which are equivalent to the 
initial system. The problem is reduced to examining the Cartan numbers of these exterior 
forms and the number of arbitrary parameters admitted by the general solution of the 
system of polar equations. 

For computational purposes, it is useful to introduce the following notation 



It means that we interpret z and z as independent coordinates and x^, respectively, 
in space, and the coordinates (ui, . . . ,us) as independent variables in space. The 
quantity ^ represents a vector of all first derivatives of tpi which do not appear in the WE 
system. Under notation (2.1) the system (1.2) becomes 

U5=PU2, U7=pUi, Ue = -pUi, U8 = -pU3, p = U1U3 + U2U4^, {2.2) 




(2.1) 



and the differentiation of p with respect to z and z yields 

dp = Mi^^ + U4^^ dp = U3^^ + U2^^, 



(2.3) 
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whenever (1.2) holds. Note that the enter linearly into the expressions dp and dp. If 
we consider the variables u = {ui, . . . ,us) and ^ = (^^, • • • as unknown functions of 
X = then, in terms of (2.1) and (2.2), the WE system (1.2) is equivalent to the 

system of differential one-forms 





— du\ — 






UJ2 


= dU2 — 


(-pui dx^ + dx"^) = 0, 




U2, 


= dU3 - 


ipuidx^ + dx'^) = 0, 




i04 


= dU4 — 


(C^dar^-pngdx^) = 0, 






= dU5 — 


[u2dp — p'^ui] dx^ — [u2dp + p^^] dx^ 


= 0, 


Loe 


= duQ — 


[uiBp + p^^] dx^ — [uidp + p^U2\ dx^ 


= 0, 




= duY — 


[u4dp + pS,^] dx^ — [u4dp — p^us] dx^ 


= 0, 




= dus — 


[u^dp + p'^Ui] dx^ — [u^dp + p^^] dx^ 


= 0, 



(2.4) 



in two independent variables x^, x^ which form some local coordinate system in the real 
space M^. System (2.4) can be written in the abbreviated form 

ujs = dus — Gs^{x,^,u) dx^, s = l,...,8, ;U = 1,2, (2.5) 

where the functions Gs^ depend only on (a;, ^, u) and where ^ enters linearly into G^^, due 
to (2.3). We are interested in the evaluation of the degree of freedom of the most general 
analytic solution of (2.4) which can be expressed by 

Us = Us{x^,x'^), C = ax^,x'^), s = l, ...,8, r = l,...,4. 

According to Cartan's Theorem on systems in involution [13], we can formulate the fol- 
lowing. 

Proposition 1. If the system of differential one-forms (2.4) is in involution at a regular 

point {xo,(^o,uq) and if it is an analytic system in some neighbourhood of {xo,^(),Uo), then 
the general analytic solution of (2.4) with independent variables x^, exists in some 
neighbourhood of a regular point {xo,^o,uo) and it depends on four arbitrary real analytic 
functions of one real variable. 

Proof. Under notation (2.1) and relations (2.3), the exterior differentiation of system (2.4) 
leads to the following 2-form system whenever system (2.4) holds 

fii = dwi = dx^ A d^^ — [u2dp — p'^ui] dx^ A dx^, 

[ r> -1 -1 Q Q Q 

uiop + p U2\ dx Adx + dx Ad(, , 

r^s = du^ = [u^dp — p'^us] dx^ A dx"^ + dx^ A d^^, 

= dui = dx^ A d^^ -|- \u^dp + p'^u^] dx^ A dx^, 

= dL05 = —U2U3 d$, Adx + U2dx Ad^ — uiU2d^ Adx — {p + U2U4)) d$, A dx 

+ [uiU2{u4dp - p^U-i) - {p + U2Ui){uidp + p'^U2) 

—U2U^{u2dp — p^ui) + U2{{u3dp + p'^u^)] dx^ A dx^, 



298 



P. Bracken and A.M. Grundland 



= dujQ = — {p + uius) dx^ A dS,^ — U1U2 dx^ A d^'^ — Uiu^i dx'^ A d^^ 
—uf dx^ A d^^ + [—Ui{u4dp — p^us) + u\Ui{uidp + p^U2) 
—uiU2{u^dp + p^Ui) + {p + uiuz){u2dp — p'^u\)\dx^ Adx^, 

= dwj = U3U4^ dx^ A d^^ + (p + U2U4) dx^ A d$,^ + dx^ A d$,^ 
+U1U4 dx'^ A d^^ + [uiU4{u4dp — p^u^) — u\{uidp + p'^U2) (2-6) 
—usU4{u2dp — p^ui) + {p + U2U4){uzdp + p^u^)] dx^ A dx^, 

Oil A A 00 

J^g = dwg = — c?a; A c?^ — U2U^ dx A 0?^ — u^u^ dx A 

— (p + uiuz) dx'^ A + [u2,U4{uidp + ^^^2) — (p + uiuzjiu^dp — p^u^) 
+v^{u2dp — p^ui) — U2U^{u^dp + p^M4)] dx^ A dx^. 

In this case, using (2.5), all 2-forms (2.6) can be clearly expressed in the form 

Let 1^ be linearly independent vector fields defined on 

= ('^M^xi,a^^x2,i'i%,---,&^%,40„i,...,c^5„8) , M = l>2 (2.8) 

such that they annihilate systems (2.4) and (2.6), composed of the 1-forms ojg and the 
2-forms fi^, respectively, that is 

(a;,jy^)=0, (n,jyi,y2) =0, s = l,...,8, /x = l,2 (2.9) 

at some regular point (x,^, w) G M^^. The above system is called a system of polar equa- 
tions [13] . The set of vector fields satisfying this system depends on a certain number N 
of free parameters. In our case, the solution of (2.9) is given by 



Yi = d^i+^ h\d^r + ^^du^ - puidu^ +pu4du3 + ^'^du^ - [u2dp - p'^ui]d, 

r=l 

+ [uidp + pC^jduQ - [u^Bp + p^^jdur + [u3dp + p'^Uildus, 

and 

4 

Y2 = d^2+^ h2d(r + pu2du^ + i^du2 + i^duz - pmdui - [u2dp + pi^\du. 

r=l 

+ [uidp + p'^U2]duQ - [u4dp-p^U3]duj + [u^dp + p^^]dus, 



(2.10) 



where 



h\ = —{uidp + p^U2), bf = u^dp — p'^us, 

62 = U2dp — p^ui, 62 = —{usBp + p'^Ui). 
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To simplify formulae (2.10) wc have used notation (2.3). Solution (2.10) contains four 
arbitrary parameters b\, bf, hence we have 



= 4. 

According to the definition of the first Cartan character [13], we have 



(2.11) 



si = max rankjf=(xi,x2)eR2 



dG 



dG 



OG^ 



at a regular point (x, ^, ti) G M . The nonvanishing elements of the 8x4 matrix (o^ 



(^X^) are 



= {P + U2Ui)X'^, 053 = UlU2X'^, 054 = u\X^, 
062 = —UiUiX"^, 063 = —u'iX'^, 064 = —^11X2-'^''^, 

072 = u\x'^, ar3 = uiu^X'^, 074 = (p + n2'U4)X^, 



051 = U2U3X^, 
061 = -{p + UiU3)X^, 

071 = usu^X^, 

2 vl 

OSl = -U3X , 



082 = -U2U3X^, 083 = -{P + UlUs)^'^ , 084 = -U3U4X^, 

since the function Gg^ depends linearly on ^. Hence, the maximal rank of the matrix 
(osr) is 

si = 4. 

In that case, the second Cartan character is given by 
S2 = n — si = 0, 

where n = 4 is the number of coordinates ^. Taking into account the definition [13] of the 
Cartan number Q, we have 

Q = si + 2s2 = 4. (2.12) 

Thus, from (2.11) and (2.12), we get 

Q = N = 4 

and, according to Cartan's Theorem, system (2.4) is in involution at the regular point 
(xq,^q,uq). So, its general analytic solution exists in some neighbourhood of this regular 
point and depends on four arbitrary real analytic functions of one real variable. I 
Let us note that, since system (2.4) is equivalent to WE system (1.2), then Proposition 1 
implies the existence of the general analytic solution of (1.2). This solution depends on two 
arbitrary complex analytic functions of one complex variable and their complex conjugate 
functions (since we interpret z and z as coordinates on C and tj^i and tpi as complex 
conjugate functions on C). 
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3 On the boundary value problem for 
the Weierstrass-Enneper system 

We start by considering the connection between the structure of certain conserved quan- 
tities associated with WE system (1.2) and the possibihty of the construction of some 
classes of potential solutions. 

Prom the conservation law associated with system (1.2) 

di^/jif + d{^J2? = 0, Bii^if + d{^J2? = 0, (3.1) 

it follows that there exists a potential function g{z, z) : C ^ C, such that the functions ij^i 
can be expressed in terms of the first derivatives of the function g 

^1 = e--(55)^/^ V2 = ie'^'^idgf/^ 

^1 = e-^"'^(%)V2, 4,2 = -ie-'^''{dgf/^, n,keZ. 

Substituting (3.2) into WE system (1.2) one obtains 

ddg = 2ie^(*^-")'^ [{dg){dg)^^^{dgy/^ + {dg)^^^{dg){dgy/^] , 

(3.3) 

ddg = -2ie-'^^-^> [{d-g){dgf'''{d-gfl^ + {d-gYl\d-g){dgYl^ 
This result can be summarized as follows. 

Proposition 2. If a complex-valued function g of the class is a solution of system (3.3), 
then the complex valued functions defined by (3.2) are solutions of WE system (1-2). 

In the next section we show some examples of these types of solutions. 

Let us now establish the existence and uniqueness of the potential solution to the 
boundary value problem (BVP) for WE system (1.2). The EVP for this system consists 
in finding a class of solutions V'i in some open bounded simply connected region O in C 
for prescribed values of the functions V'j along the boundary 

aV'i = (|Vi|' + lV'2|')^2, 5V2 = -(|V'i|' + lV'2|')V'i, in 

(3.4) 

i^^{z,z)=e'^%dgf%n, ^2 = ie*''^(55)'/'|an, on d^. 

Wc show now how a certain class of differentiable solutions of this problem can be obtained 
with the help of the conservation law (1.7). Substituting (3.2) into (1.6), we get 



- %/-g + 2^e'(«-^•)-J(^) (I) = 0. (3.5) 
The condition for the existence of the entire function j{z) requires that 



8 



(3.6) 



It should be noted that condition (3.6) is identically satisfied whenever equations (3.3) 
hold. This fact simplifies considerably the process of solving the BVP for the WE system, 
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since the potential solutions of WE system (1.2) have to satisfy only conditions (3.3). 
Under the above considerations, we can formulate the following. 

Proposition 3. The solution of the boundary value problem (3.4) for WE system on a 
simply connected region Q exists and is unique, provided that there exists a complex val- 
ued function g such that the first order derivatives of the function g satisfy equations (3.3) 
on dVL. 

Proof. Indeed, if the values of the derivatives dg and dg are given on the boundary 5^7, 
such that equations (3.3) hold, then the functions V'i; defined by (3.2), satisfy WE sys- 
tem (1.2). This fact follows from Proposition 2. The conservation law (3.5) implies that 
the current j is an entire function determined by 



^ i(it-n)7r(M^ 



d g- g 
09 . 



on 



2 {dgyn 

Liouville's Theorem ensures that the values of the entire function j{z) are uniquely defined 
on the whole simply connected region $7 C C. This means that there exists a one-to-one 
correspondence between functions V'i prescribed on dVL and the entire function j{z). Hence, 
the values of the solutions ■0^ of WE system (1.2) at the point z G depend only on the 
values of the functions ■0* on the boundary This being so, the functions tjji defined by 
equations (3.2), with the property that the first derivatives of the function g satisfy (3.3) 
on dVL, are the unique solutions of the BVP (3.4) for WE system in the region fi. I 



4 Potential solutions of the Weierstrass-Enneper system 

Proposition 2 provides us with a tool for constructing particular classes of potential solu- 
tions to WE system (1.2). We now present a couple of examples of such solutions. 
1. A class of rational solutions of system (3.3) is given by 

g(^'^) = - l + |^|2m ' "^e^- (4-1) 

Substituting the function g into relations (3.2), one obtains an explicit solution of WE 
system (1.2) 



^(m-l)/2 



V;i = e"-mi/2^^^^{™-i)/2^ ^ e'^^m^^ ; (4.2) 



It is interesting to note that this very simple and direct method yields the same result 
that was obtained by a much more complex approach via the SU{2) sigma model [14]. 
For every fixed m, solution (4.2) belongs to a given topological sector. The solutions are 
double valued for all even m. Each solution (4.2) corresponds to a particular constant 
mean curvature surface which is covered n times as z runs over the complex plane C. This 
surface is obtained by the parametrization (1.3) 



X,+iX, = 2iz-"^^-^^^LJ_J^ (4.3.1) 
Xi - 1X2 = -2zz— i^^, (4.3.2) 
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X3 = ^— . (4.3.3) 

Solving expression (4.3.3) for \z\"^ in terms of and substituting the result into the 
expressions (4.3.1) and (4.3.2), one arrives at the equation of a surface which is obtained 
by revolving the curve 

X. = 2(2X3-l)(^ 

around the X3 axis. This surface has a conic point at (0,0,2), and the corresponding 
Gaussian curvature is K = 1. 

2. Let us discuss now the construction of an algebraic multi-soliton solution to WE 
system (1.2). First, we look for a particular class of rational solutions g of (3.3) admitting 
two simple poles only. This leads us to the following solution 

. (a-b)2(^_^)2 

9{z, z) _a-b)z + {z- a)a + {z - b)b){2z - a - b) 

+ 2(2.-a-6) ' 
The corresponding solution of WE system (1.2) takes the form 

This type of solution is known in the literature [10], and represents a one-soliton solution. 
The associated surface can be computed from equations (1.3), namely 

X, + ^X, = 2^ia-bf ( Jl^ ^ - 



(4.4) 



D D 

X,-.X. = 2^(a-6)^(-^i^+(^), (4.6) 
Xs = -2{a - bf f-i" - - ^) - 



D D 
where the denominator D is given by 

D = {{2z -a-b)z- a{z -a)- b{z - b)){2z -a-b), 

and its respective complex conjugate is 

D = {{2z -a-b)z- a{z - a) - b{z - b)){2z -a-b). 

Finally, we solve (4.6) for Xi and X2 and write the Xj, (j = 1, 2, 3) in terms oi z = x + iy 
and z = X — iy. This gives us the parametric forms for the Xj in terms of x and y. 
Eliminating the variables x and y from these equations, one can write an expression for 
the surface just in terms of the coordinates Xj as follows, 

X| + XIX2 + X2XI + 4(6 - a) {Xf + xi + Xl) + 4(a - bfX2 = 0. (4.7) 
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The curvature for this surface is given hy K = (a — b)~'^. Thus, formula (4.7) represents 
an Enneper type surface. 

We now consider a more general case when the solution g of (3.3) admits arbitrary 
number of simple poles. Under this assumption we have 

( N , ( N , . N , . 

n {z - aj) _Yr[z-aj) 



dg 



N 



1 + n 



i=i 



z—bi 



12 



E 



3 



\ - bj) y {z - bj) 



dg = 



N 

n 



z—bi 



N 



1+n 



z—bi 



-(.-M [j-i(^-fe,) }},{z-b,) 




Substituting (4.8) into (3.2) wc determine explicitly the corresponding form of an algebraic 
multi-soliton solution of WE system (1.2) 



-01 = 



N 

n 



z—bi 



N 



E _ A ^ in 



N 



N 



N 

n 



1/2 



[z — ai 



1+n 



z—bi 



^3 12 



-02 = 



N 



1+n 



ii|2 



E 



1/2 



(4.9) 



Note that the topological charge (1.5) for each of the instanton solutions (4.5) entering 
into the superposition corresponds to an integer / = e"^'^N. It is interesting to note that 
the constant mean curvature surface corresponding to (4.9) is also determined by (4.7). 



5 Harmonic solutions of the Weierstrass-Enneper system 



We discuss now the existence of a class of harmonic solutions to the WE system (1.2) 
which can be obtained by applying certain composition transformations. 

Proposition 4. Suppose that the complex valued functions fi and fi are solutions of the 
following system of differential equations, 

Pfl{v)h{v)f2{v) 

Ji{v)f^{v) 



+ 



ihrimr + Wf^iv) 



Pf2{v)h{v)f2{v) 



+ 



1/1 



m 



f'M-\h\\f2{v)) 



f2(.v)-pfiiv)fiiv)f^iv)=0, 



fi{v)-pf2iv)fiiv)f^iv)=0, 



(5.1) 
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with respect to the relevant variables v and v. Then the compositions of the functions fi 
with any harmonic function v = h{z, z), defined in a simply connected region il, 

i^i = fi{h{z,z)), i = l,2 
and their respective complex conjugates 

A = fi{Hz,z)), i = l,2 
constitute solutions of the WE system (1-2). 

Proof. Substituting the composed functions if^i and V^j into (1.2), one obtains 

f[{v)dh{z,z) =pf2ih{z,z)), f^{v)dh{z,z) = -pfi{h{z, z)), 



P=l/iP + IA'^ 



(5.2) 



2 



Differentiating the first equation in (5.2) with respect to d and making use of the equation 
ddh = 0, one obtains 

f^iv)dhdh = idp)f2+pf^iv) dh. (5.3) 

Similarly, differentiating the second equation of (5.2) with respect to d, and taking into 
account the relation ddh = 0, one gets 

f^iv) dhdh = -idp)fi -pf[iv) dh. (5.4) 

Differentiating p and using (1.2), we have 

dp = V'l^V'i + i>2d'4'2, dp = ■j/'i^V'i + i'2di'2- (5.5) 

Solving (5.2) for the derivatives dh, dh and substituting these derivatives and the ex- 
pressions (5.5) into equations (5.3) and (5.4), one obtains the system of differential equa- 
tions (5.1). Thus, equations (5.1) are equivalent to (1.2) whenever v is a harmonic func- 
tion. I 
Let us consider a simple example to illustrate Proposition 4. A special class of expo- 
nential solutions of (5.1) has the form 

/i = -^e^^ /2 = ae^^ a G C. 

If we choose a specific harmonic form of the function v = q{z^ + z^), g G M, then the 
compositions of the functions fi and v give particular solutions of the WE system 

= -ie^'?(^'-^'), ^^2 = oe^«(^'-^'), |ap = l. (5.6) 
The corresponding constant mean curvature surface is determined by relations (1.3) 
Xi + iX2 = -iiT^/'^ ( ^'^^ ^^^^ + Q^exp(2zgz^)erf(r?z) \ 

X -iX = ZTT^/^ ( "^^^^ (^^) + exp{2iqz'^)eri{riz) 
\exp{2iqz'^)^ rj 

X = _^7r^/2 ( erf (gz) _^ aexp(2ig2:^) erf (r?z) 
\exp{2iqz'^)^ r] 
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where erf is the error function, ^ = (— 2igf)^/^ and ij = (2ig)^/^. The elimination of the 
quantities erf {^z) and eyip{2iqz^) from the above expressions leads to the formula which 
represents a constant mean curvature surface describing a catenoide 

4{l-al)X^ + Aa^.Xl + 8ar{l-aiy^^ XiX2 + 4:Xl = 0, ar = Rea. (5.7) 
The Gaussian curvature is K = I — a^. 



6 Reduction of the Weierstrass-Enneper system 
to a linear system 

Now we discuss the case when the WE system is subjected to a single differential con- 
straint. This allows us to reduce this system to a system of linear coupled PDEs. 

Proposition 5. The overdetermined system composed of the WE system (1-2) and the 
first order differential constraint 

ipidtpi - e'lpidipi + V'2£?V'2 - eV'29V'2 = 0, e = ±1 (6.1) 

is consistent if the conditions 

|V'i|' + |V'2|'=p(-2 + ez), (6.2) 

and 

i? A 

p- — +e e/ = 0, AgM+, (6.3) 

P V 

hold. The general analytic solution of the above overdetermined system depends on one 
arbitrary complex analytic function of one complex variable and on its complex conjugate 

function. 

Proof. Indeed, from equations (5.5), taking into account the differential constraint (6.1), 
one obtains 

{d — ed)p = ipid-ipi + 'ijj2dip2 — e'ljjidijji — e'tp2d'tp2 = 0. (6.4) 

This means that, under the assumption (6.1), the quantity p is a real valued function of 
the argument s = (z + ez). Hence, p is a conserved quantity. Therefore, condition (6.2) 
holds. Differentiating equation (6.2) with respect to z and z, one obtains 

ipidtpi + V'2f^V'2 = P, 'fpidtpi + ip2dip2 = ep, (6.5) 

where we introduced the notation p = dp/ds. Solving equation (6.5) with respect to 81^2 
and next substituting this term into (1.6), one obtains 

d^, = ^(p-ij{z)]. (6.6) 



P \ ipi J 
The complex conjugate of equation (6.6) is given by 
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A similar analysis can be performed for dipi, in order to determine derivatives of ^^2 in 
terms of ^j, j and p. As a result, one obtains from WE system (1.2) the following system 
of equations 



= pV'2, dip2 = — (p+ T'jiz)] , 

Bil^i = — (ep- ^j'(^) ) , 9V'2 = -pi^i, 



p \ i^i 
p \ fpl 



dipi = — (p- ^jiz) 1 , dip2 = -pipi, 



(6.7) 



dipi = pip2, d'i/j2 = — (ep + ^j(z)] 

P \ V'2 / 



The compatibility conditions for (6.7) require |jp = A G R"*" and the current j is constant. 
This gives a differential equation for p of the form (6.3). Expressing (6.7) in the language 
of differential one-forms and making use of Propositions 1, one can easily show that, if the 
compatibility conditions (6.2) and (6.3) are satisfied, then the general analytic solution 
of (6.7) with j constant exists and depends on one arbitrary analytic complex function of 
one complex variable. I 
Now, let us discuss some classes of solutions of the differential equation (6.3) which 
allow one to reduce the WE system to the coupled linear PDEs. Note that equation (6.3) 
is of Painleve type, PXII, having only poles for moveable singularities. The first integral 
is given by 

p{sf = {ep'^ + Kp^ + eA), (6.8) 

where K is an arbitrary real constant. The forms of the real solutions for p depend on the 
relationships between the roots of the right-hand side of the ODE (6.8). They lead to the 
following cases. 

(i) Elementary solutions, such as constant, algebraic with one or two simple poles, 
trigonometric and hyperbolic solutions. 

(ii) Doubly periodic solutions which can be expressed in terms of the Jacobi elliptic 
functions sn and cn. The moduli k of the elliptic functions are chosen in such a way that 
< A;^ < 1. This fact ensures that the elliptic solutions possess one real and one purely 
imaginary period. Consequently, for real argument s, we have —1 < sn (s,/c) < 1, and 
-1 < cn {s,k) < 1. 

The different classes of solutions of (6.8) are summarized in Tables 1 and 2. They lead 
us to twelve different types of solutions of the linear coupled WE system for which the 
compatibility conditions are satisfied identically. 

Finally, let us discuss the case when we add multiple differential constraints compatible 
with our basic WE system (1.2). We show that if the conditions (6.1) for e = +1 and 
e = — 1 are simultaneously satisfied 

Ipld^l + -025^2 = 0, V'l^V'l + 1^291^2 = (6.9) 



then WE system (1.2) can be reduced to a linear decoupled system. 



Table 1: Finite real elementary and elliptic solutions p = p(s — sq) with 
a = {K± w)^/^/V2, B = l + V2,e,ei = ±l and s - so = z + ez - sq. 



ep^ + Kp^ + eA, where A>0,KeR,w = VK^ - ^A, 



No 



p{s - So) 



k 



Range 



'l + cn(2AV4(s_,,o),i)' 



1/2 



^1/4 



-1 



1-cn (2Ai/4(s _ so), 1) j 

Bcn(^(s-So),fc) -sn(^(s-So),A: 
Ben (^(s - so), k) + sn (^(s - so), k) 



1 

2 (3^2 - 4) 



1/2 



(Js: + w;)(l-fc2sn2(ii^,fc) 



ei ( ^ ( JsT + w) - w sn 



1/2 



1/2 



ei 



72 sn 



2w 



2w 
K + w 



\K\tw 
\K\±w 



1/2 



1/2 



2- V2 



V2 



1/2 



1/2 



V2 



{\K\±wy/^ 



K 

cosh — so)^ 



ii' = 0, 0<p<oo 



^ = 0, 0<p<l 



K>Q, K'^-AA>{), 



K>Q, if 2 - 4A > 

±iK-wy/'<p<^iK+wy/' 



K<0, K'^-AA>0, 
v2 

A = 0,K>0, 0<p<K 



Table 2: Singular real elementary and elliptic solutions p = p{s — sq) with = ep"^ + Kp^ + eA, where yl > 0, K G M, e, ei = ±1, 
w = V — 4A and s — so = z + ez — sq. 



No 



p{s - so) 



k 



9 



Range 



+1 



K±w 



9 



K±w 



+1 



ei 



\K\±w + {\K\ T w) sn2 (^^, fe) 



1/2 



+ 1 



+ 1 



+ 1 



+ 1 



V2cn 

a ■ tn (a(s — sq), k) 
K 



\K\±w) 



{liK"^ -AA±Kw)Y/^ 
K±w 



sinh(VA (s — So)) 
^sec^^(s-so) 



So - s 



-{K±w] 



-1/2 



V2 

(|K|±u;)V2 



(K±k;)V2 



K > 0, ^2 - 4^ > 0, 

< (ii- ± t(;)/2, < p 

K K'^-4.A>Q, 
1 



V2 



iw) <p 



K>0, A^^^<^{K±w) 



A = 0, K>0 



A = 0, K<0, ^/\K\<p 



A = 0, K = 0, 0<p 
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Proposition 6. // the functions ipi and ip2 satisfying WE system (1-2) are subjected to 
differential constraints (6.9), then the WE system is reduced to a linear decoupled system 
of second order 

dd^Ji + pliJi = 0, ddi;i + pl^i = o, i = i,2, (6.10) 

where 

+ =PoeR+. (6.11) 

Proof. In fact, taking into account differential constraints (6.9) and the derivatives 
of p given by (6.4), we obtain that p is a real positive constant. This means that the 
ovcrdctcrmined system composed of WE system (1.2) and differential constraints (6.9) 
admits a conserved quantity (6.11). Hence, the WE system (1.2) can be decoupled into 
the second order system (6.10). ■ 
A simple example of the solution of (1.2) constructed with the use of differential con- 
straints (6.9) was presented in [14]. This solution has the form of the plane wave or so 
called vacuum solution 

^^^^gi(M^)^ ^^^i^^iihz+kz)^ hk = po, h,keR, AeC. (6.12) 

Proposition 6 implies that, due to the linearity of equations (6.10), a more general class of 
solutions can be constructed. Namely, the linear superposition of plane waves (6.12) gives 

(6.13) 

aiGM, Ai,BieC, i = l,2, 

where po = \Ai\'^ + jylal^ + l^ip + jSap and A1A2 + B1B2 = 0, A1A2 + B1B2 = 0, 
Bi = aiAi/po and B2 = a2^2/P0) and where ai = ±zpo and 02 = ±Po- Next, substi- 
tuting (6.13) into system (1.3), we obtain a set of equations which determine a constant 
mean curvature surface in the parametric form 

Xi + iX2 = 2i i-^u^ -3y^-2( + ^ A,A2Uv] , 

\ ai Q!2 V"i + Q!2 ai — "2/ / 

X, - iX2 = 2i (-^ + ^ + 2 ^—) A,A2{uvrA , 

\ aiit^ a2W \ai + a2 ai — 02 J ) 

2\ \ Q!i a2 J [ai — a2)v [ai—a2)u^ 

1 / , , , , , ,9x fln(u) ln(v)\ A1A2U A1A2V \ 

2 \^ ' \ ai a2 J [ai + a2)v [ai + a2)u J 

in terms oi u = exp(— 01(2; -|- z)), and v = exp(— 02(2 — z)). The Gaussian curvature is 
K = 1. 
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7 Separation of variables 

Now let us discuss the separation of variables admitted by WE system (1.2) which enables 
us to construct the family of solitonlike solutions. The methodological approach assumed 
in this section is based on the generalized method of separation of variables developed 
in [17]. We are looking for a special class of solutions of WE system (1.2) of the form 

i,i{z,z)=^dX-Y), i = l,2, (7.1) 

where X = X{z), Y = Y{z). Its respective complex conjugate is given by 

i^i{z,z) = ^i{X-Y), (7.2) 

where X = X{z), Y = Y{z). We assume the existence of two complex scalar functions ^ 
and r] oi z and z, respectively, such that the differential equations 

§^«' 

hold. This means that the complex functions X and Y are locally piecewise monotonic 
functions. Substituting (7.2) into WE system (1.2) and taking into account (7.3), we 
obtain a system of differential equations 

cpi^Y = + <P2, ^i^Y= {\<pif + \<p2f)^2, {7Ai) 

ip2riX = - {\ipi\'^ + \ip2\'^) ipi, 02^^ = - (biP + bsP) -^i- (7.4n) 

Let us introduce two differential operators 

A = Xdx - Ydy, A = Xdx - Ydy, (7.5) 

which are annihilators of any complex function of s = X • y and s = X ■ Y , respectively. 
These operators commute 

[A,A]=0. (7.6) 

We operate with the operators A and A on equations (7.4i) and (7.4ii), respectively. 
Taking into account (7.3), one obtains 

if, {XYi' - n) = 0, {XYi' - n) = 0, 

^2 {Xrj - XYrI) = 0, 02 (^^ - ^Yf^) = 0, 

where dots or primes mean the derivatives of the respective functions with respect to their 
own arguments. 

Let us consider separately two cases, namely the case in which (/j, does not vanish 
anywhere and the case in which <^ is identically equally to zero. It is easy to show that in 
the case when ipi = 0, equations (7.4) do not admit separable solutions, since 

|¥'i|' + l¥'2|' = (7.8) 

holds. 
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In the second case, when ipi / 0, equations (7.7) can be integrated and their first 
integrals are 



(7.9) 



where a, /?, 7 and k are arbitrary complex constants. Substituting (7.9) into (7.4), we 
obtain a nonlinear system of ODEs 



dfi _ p_ 
ds as 



^2, 



d<Pi ^ 

ds as 



P 



dip2 
ds 



P 
ps 



dip2 
ds 



P - 

-^'Pi- 
ps 



(7.10) 



System (7.10) can be integrated using the condition (1.7) for the conservation of current. 
Taking into account (1.2) and (7.9), we obtain 



a'^s 



f2{s) IP2{S) 



j3H 



yi(-s) ^ j V^i(g) 
(^i(s) ^i(s) 



= 0. 



The variables s and s are separable if the Cauchy-Euler differential equations 

S ip2 + S(p2 2 "^2 = 0, S ipi+ Sifi - -^(fi = 



a^ 



/?2 



(7.11) 



(7.12) 



hold, where is a complex separation constant. After the integration of (7.12), we obtain 
the solutions 



(fii = dis'^ + d2S ^, ip2 = cis^ + C2S 

ifil = di^ + d2S~'i, (p2 = ClS^ + C2S~^. 



(7.13) 



Here, q, q, r, r and q, dj, q, di, for i = 1,2 are arbitrary complex constants of integration. 
Substituting (7.13) into (7.10), we obtain the equations 



-aq{dis^ - d2S-^) + icis'' + C2S-'')[\di\'^s^si + didss^'s"^ + did2S-^si 

+ |0?2|^S"%"« + |cips''s*' + C1C2S"''/ + C1C2S'"S"'' + |c2ps"''s~n = 0, 

/3r(cis'^ - C2S~0 + {dis^ + d2S-^)[\dif s" s^ + did2sH~'i + did2S~H'i 



(7.14) 



+\d2\'^ s'H''^ + \ci\^s'f + CiC2S~''s' + ciC2s''s~'' + |c2ps~''s~n = 0, 



and their respective complex conjugates. We require that system (7.14) is satisfied for 
any value of s and s. This means that the coefficients of the successive powers of s and s 
in equations (7.14) have to vanish. As a result, we obtain a consistent system of algebraic 
equations for Cj and dj, z = 1,2. The solutions of WE system (1.2) in this case take the 
form 



■01 = DE 
ip2 = D 



exp(3A(z + z)/2)exp(A(z - z)/2) 
E'^ exp{2\{z + z)) + l 

exp(A(z + z)/2)exp(A(z - z)/2) 
£^2exp(2A(z + ^)) + 1 ' 



(7.15) 
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where D = 2(c + i){\E/ (c^ + 1))^^^, and c, A and E are arbitrary real constants of inte- 
gration. For A < solutions (7.15) are nonsingular and represent a bump-type solutions. 
The associated surface is obtained from relations (1.3) as 

Xi = -2((c2-l)sinx + 2ccosx) + ^) {p^ + Q^) , 

X2 = 2 (2csinx - (c^ - l) cosx) (l + ^ {p^ + q^) , (7-16) 

X3 = 4(^£;V^^ + l)~\ 

Here, x is the real part of z, and and are given by 
2 _ 4A£;3g6Ax ^ ^ 4A£;e2-^^ 

One can eliminate quantities p, q and x from (7.16) and obtain the following expression 
for the surface representing a catenoide 

Xl + X| = 4 (A) ' [(c - If + 4c^] (l + ^) ' (4 - X3)X3. 

The Gaussian curvature is constant and given by 

K = 4- — —. 

8 Final remarks 

We have presented a variety of new approaches to the study of the generalized WE system. 
They proved to be particularly effective in delivering solutions from which it was possible 
to derive explicit formulae for associated constant mean curvature surfaces embedded 
in M^. One of the more interesting results of our analysis is the observation that the WE 
system admits potential solutions. This fact made it possible, for the first time, to deal 
with the boundary value problem for the generalized WE system. We were also able to 
construct potential multi-soliton solutions. 

It is worth noting that the treatments of the WE system proposed here can be applied, 
with necessary modifications, to more general cases of WE systems describing surfaces 
immersed in multi-dimensional Euclidean and pseudo-Riemannian spaces. Such general- 
ization of the WE system has been recently presented by Konopelchenko in [18] where, in 
particular, the explicit formulae for minimal surfaces immersed in four-dimensional Eu- 
clidean space and S*^ have been derived. An extention of our analysis to this case will 
be a subject of a future work. 
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